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We consider the possibility of inflationary magnetogenesis due to dynamical couplings of the elec-
tromagnetic fields to gravity. We find that large primordial magnetic fields can be generated during
inflation without the strong coupling problem, backreaction problem, or curvature perturbation
problem, which seed large-scale magnetic fields with observationally interesting strengths.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Magnetic fields are ubiquitous in our Universe and have been detected in astronomical structures of different sizes,
from stars up to galaxy clusters. In particular, the magnetic field strengths in galaxies and galaxy clusters are typically
of the order of µ gauss. According to a widely accepted paradigm, the large-scale magnetic fields are produced by the
amplification of initial seeds via the adiabatic compression and turbulent shock flows during structure formation. To
explain the observed magnetic fields in both galaxies and galaxy clusters, the strengths of the initial seed fields have
to be stronger than 10−13 gauss on a comoving scale larger than 1 Mpc [1, 2].
If the primordial magnetic fields are present before the epoch of photon last scattering, they will leave significant
imprints on the temperature and polarization spectra of the cosmic microwave background (CMB) anisotropies since
their energy-momentum tensor sources all types of cosmological perturbations, i.e., scalar, vector, and tensor pertur-
bations. Therefore, precise measurements of the CMB anisotropies provide constraints on the primordial magnetic
fields [3–9]. Recently, Planck 2015 data constrained the amplitude of the primordial magnetic fields at a scale of 1
Mpc to less than a few 10−9 gauss [10].
So far the origin of the primordial magnetic fields has not yet been completely understood. Various mechanisms have
been proposed to explain them (see Refs. [11–13] for some reviews). The primordial magnetic fields can be produced
during cosmological phase transitions, such as the grand unified theory, electroweak and QCD phase transitions.
The primordial magnetic fields produced during such phase transitions generally have relevant strengths, but the
corresponding correlation lengths are typically too small to explain large-scale magnetic fields. It is natural to look for
the possibility of generating the primordial magnetic fields on large scales during inflation in the early Universe. Since
both the Friedmann-Robertson-Walker metric and the electromagnetic fields are conformally invariant, inflationary
magnetogenesis requires the breaking of the conformal invariance by the coupling of the electromagnetic fields to
gravity [14–18], to the inflaton fields [19–23], to pseudoscalar fields like axions [14, 24–26], and to other scalar fields [27–
29]. In principle inflation can provide the dynamical means to amplify electromagnetic quantum fluctuations that lead
to sizable magnetic fields. Unfortunately, these mechanisms either produce fields that are too small or face serious
theoretical problems. As pointed out in Ref. [21], assuming the energy density of the generated electromagnetic fields
does not spoil inflationary background dynamics (the backreaction problem), magnetogenesis models with a weak
electromagnetic coupling constant (the strong coupling problem) cannot explain the origin of the primordial magnetic
fields. Moreover, there exists the curvature perturbation problem wherein the curvature perturbations produced by
the generated electromagnetic fields are too large to be in conflict with CMB data [30–35]. It was argued in Ref. [36]
that inflation still continues even after the backreaction begins to work. However, it turns out that the creation of
primordial magnetic fields is significantly suppressed due to the backreaction. In sum, these problems make it quite
difficult to construct a realistic self-consistent model of inflationary magnetogenesis.
In this paper, we consider the possibility of inflationary magnetogenesis due to dynamical couplings of the electro-
magnetic and gravitational fields. It is known that nonminimal couplings of the electromagnetic fields to gravity may
arise from one-loop vacuum polarization in QED in curved space [37]. Turner and Widrow first applied such couplings
to inflationary magnetogenesis and found that the strengths of the resultant magnetic fields are too weak to explain
the observed fields [14]. Here we extend the Turner-Widrow mechanism by assuming that the coupling coefficients
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2are functions of cosmic time. Such time-dependent couplings are motivated by the dimensional reduction of higher-
dimensional theories, e.g., string theories, to the four observed spacetime dimensions [38–40]. With an appropriate
choice of the coupling functions, large primordial magnetic fields can be generated during inflation without the strong
coupling problem, backreaction problem, or curvature perturbation problem, to seed the large-scale magnetic fields
with observationally interesting strengths.
II. MODEL
We consider the action for the electromagnetic field Aµ,
S =
∫
d4x
√−g
[
1
2
R+ Linf − 1
4
I1F
2 + I2RF
2 + I3Rµ
νFµρFνρ + I4RµνρσF
µνF ρσ
]
, (1)
where Linf is the inflation Lagrangian density and Ii(i = 1, ..., 4) are functions of the inflaton, dilaton, or some other
scalar field φ. In the case of I1 = 1 and I2 = I3 = I4 = 0, the standard electromagnetic action is recovered, in
which the electromagnetic field fluctuations can not be amplified during inflation because the action is conformally
invariant in the Friedmann-Robertson-Walker Universe. Inflationary magnetogenesis requires the breaking of the
conformal invariance of the electromagnetic action. Here the couplings Ii are considered for this purpose. Unless
explicitly stated, we work with natural units in which c = ~ = 1. From the action (1), the equation of motion for the
electromagnetic field is given by
∇µ [−I1Fµν + 4I2RFµν + 2I3(RρµFρν −RρνFρµ) + 4I4RµνρσFρσ] = 0. (2)
In principle, for a given form of the expressions for the couplings Ii we can consider the possibility of inflationary
magnetogenesis. As an illustration, we assume that Ii have the same dependence on φ, which is a dilatonic extension
of the Turner-Widrow model [14], so that
I1 = c1f
2(φ), I2 = c2f
2(φ), I3 = c3f
2(φ), I4 = c4f
2(φ), (3)
where the coefficients ci are constants. We consider a spatially flat Friedmann-Robertson-Walker metric
ds2 = a2(η)(−dη2 + dx2), (4)
where η is the conformal time and a is the scale factor. We choose the Coulomb gauge, A0 = 0 and ∂iA
i = 0, and
expand Ai as
Ai(η,x) =
∑
σ=1,2
∫
d3k
(2π)3/2
(
ǫi,σ(k)ak,σAk(η)e
ik·x +H.c.
)
, (5)
where ǫi,σ(k) are the two orthonormal transverse polarization vectors, and ak,σ and a
†
k,σ are the annihilation and cre-
ation operators which satisfy the commutation relations [ak,σ, a
†
k′,σ′ ] = δσσ′δ(k−k′) and [ak,σ, ak′,σ′ ] = [a†k,σ, a†k′,σ′ ] =
0. In an exact de Sitter background, the Fourier modes Ak satisfy the equation
χ2
(
A′′k +
2f ′
f
A′k + k
2Ak
)
= 0, (6)
with the normalization condition
Ak(η)A
′∗
k (η)−A∗k(η)A′k(η) =
i
χ2f2
, (7)
where a prime denotes a derivative with respect to η. Here, we have defined χ2 = c1 − 4(12c2 + 3c3 + 2c4)H2I , where
HI is the value of the Hubble parameter during inflation. To have positive kinetic terms we must require
c1 − 4(12c2 + 3c3 + 2c4)H2I > 0, (8)
so that the theory is ghost free [41]. In terms of a new variable vk = χfAk, Eq. (6) becomes
χ
[
v′′k +
(
k2 − f
′′
f
)
vk
]
= 0. (9)
3A. Strong coupling problem
It is assumed that classical electromagnetism is restored at the end of inflation, and therefore I1 → 1. As pointed
out in Ref. [21], the theory is not trustworthy in the strong coupling regime of I1 ≪ 1 during inflation because 1/I1
is an effective coupling constant between the electromagnetic field and a charged fermion. This is called the strong
coupling problem. A natural solution to such a problem is to require I1 > 1 during inflation.
We assume that f is a power-law function of the scale factor as
f = fe
(
a
ae
)n
, (10)
where ae is the value of the scale factor at the end of inflation, fe is the value of f at the end of inflation, and
c1f
2
e ≈ O(1). The form (10) is valid during inflation. After inflation the standard electromagnetism is recovered. In
what follows we shall consider the weak-coupling case of n < 0. If χ 6= 0, for short waves with k2 ≫ f ′′/f the solution
of Eq. (9) is
vk(η) =
1√
2k
e−ikη, (11)
and for long waves with k2 ≪ f ′′/f we have the general solution
vk(η) = C1a
n + C2a
−n−1, (12)
where C1 and C2 are integration constants which can be fixed by matching this solution to Eq. (11). If −1/2 < n < 0,
the first mode dominates over the second one. Since vk ∝ an, Ak is constant during inflation. In this case, the
power spectrum of the primordial magnetic fields decreases towards large scales, which corresponds to a strong blue
spectrum. Therefore, it is hard to produce a large amplitude of the magnetic fields on Mpc scales [21]. In the case of
n < −1/2, the second mode dominates, i.e., vk ∝ a−n−1. Using the vacuum initial condition (11), we have
Ak(η) =
1
χfe
√
2k
(
aHI
k
)−n−1(
a
ae
)−n
. (13)
Notice that Ak grows rapidly during inflation, which leads to the backreaction problem. In the next subsection we
shall discuss it. The power spectrum of the primordial magnetic fields is
PB(k, η) =
∑
σ=1,2
k5|Ak(η)|2
2π2a4
=
H4I
2π2χ2f2e
(
k
aHI
)2n+6(
a
ae
)−2n
, (14)
with the spectral index nB = 2n + 6. The spectrum is scale invariant for n = −3, in which the amplitude at the
end of inflation is determined by HI . Using the entropy conservation we have a0/ae ∼
√
HI/mpl/(kBT0/mpl) ∼
1032
√
HI/mpl for instantaneous reheating of inflation, where a0 and T0 are the scale factor and CMB temperature
today, kB is the Boltzmann constant and mpl is the Planck mass. From Eq. (14) the strength of the magnetic fields
Bλ at a scale of λ0 = a0/k in Mpc is
Bλ ∼ 1058
(
HI
mpl
)2(
a0
ae
)n+1 (
λ0
1Mpc
1058
(HI/mpl)−1
)−n−3
gauss. (15)
For n = −3 and HI ∼ 10−6mpl, the amplitude of the magnetic fields is about 10−12 gauss on all scales today.
Compared with the scale-invariant spectrum, for a blue spectrum with n > −3 the amplitude on Mpc scales is
suppressed while for a red spectrum with n < −3 it is enhanced. Here, we have assumed that the Universe is always a
good conductor and ignored dissipative effects. It is known that a finite electric conductivity dramatically damps the
fields. Compared with the expansion of the Universe, the dissipative effects are rather smaller during most periods of
evolution of the Universe. More details have been discussed in Ref. [2].
B. Backreaction problem
In successful inflationary magnetogenesis scenarios, the contribution of the electromagnetic fields to the background
energy density is negligible so that the background dynamics is controlled by the inflaton. Here we shall show that the
4backreaction problem can be avoided in some parameter space. The energy-momenta tensor of the electromagnetic
fields is given by
T µν = I1
(
FµρFν
ρ − 1
4
gµνF
2
)
− I2
(
4RFµρFνρ + 2R
µ
νF
2 − gµνRF 2
)
−I3
(
4RµσFνρF
σρ + 2RρσFρ
µFσν − gµνRρσFρλFσλ
)
−I4
(
8RµλρσFνλF
ρσ − gµνRλγρσFλγF ρσ
)
. (16)
The energy density of the electromagnetic fields then is the vacuum expectation value of the T 00 component,
ρEM = −〈T 00〉 = f2
∫
dk
k
(Q1PE +Q2PB), (17)
where
Q1 = c1 − 24(3c2 + c3 + c4)H2I , (18)
Q2 = c1 − 4(6c2 + 3c3 + 2c4)H2I , (19)
and the power spectrum of the electric fields is defined as
PE =
∑
σ=1,2
k3|A′k(η)|2
4π2a4
=
(2n+ 1)2H4I
2π2χ2f2e
(
k
aHI
)2n+4(
a
ae
)−2n
. (20)
For the trace of the T ij components of the energy-momentum tensor, we have
〈T ii〉 = f2
∫
dk
k
(Q3PE +Q4PB), (21)
where
Q3 = c1 + 8(3c2 + c4)H
2
I , (22)
Q4 = c1 − 4(30c2 + 9c3 + 10c4)H2I . (23)
At the end of inflation PB ∝ (k/aeHI)2n+6, while PE ∝ (k/aeHI)2n+4 with k < aeHI in the weak-coupling regime
with n < −1/2. Hence, the main contribution to the energy density (17) and the pressure density (21) comes from
the power spectrum of the electric fields. As found in Ref. [21] for the special case of c2 = c3 = c4 = 0, in order
to produce the magnetic fields with sufficient strengths during inflation, the backreaction of the electric fields would
spoil inflationary dynamics. If ρEM < H
2
I is required, the produced fields are too weak to explain the origin of the
primordial magnetic fields. However, in our model thanks to the time-dependent couplings of the electromagnetic
fields to gravity, we can neglect the contribution of the electric fields to the background energy density if Q1 = Q3 = 0,
i.e.,
c3
c1
=
1
6H2I
, (24)
3
c2
c1
+
c4
c1
= − 1
8H2I
. (25)
Therefore, the backreaction problem can be avoided in some parameter space.
In the standard kinetically coupled scenario for magnetogenesis, the electromagnetic energy density is the integration
of the power spectra with respect to k. Therefore, it is hard to balance the magnetic strengths and electric energy
density. In the presence of the couplings of the electromagnetic fields to gravity, the relation between the power
spectra and energy density depends on the coupling coefficients. Canceling the contribution of the electric field
to the background energy density implies that some of the coupling terms in Eq. (1) provide equivalently negative
energy densities, but the total energy of the electromagnetic fields is still positive. As a phenomenological model for
magnetogenesis, we introduce the fine-tuning of the coupling coefficients.
5C. Curvature perturbation problem
It is known that in single-field slow-roll inflationary scenarios quantum fluctuations are frozen when the wavelengths
of the fluctuations are well outside the Hubble horizon. In the presence of the electromagnetic fields produced during
inflation, the curvature perturbation ζ still evolves on super-Hubble scales. In this case we have to calculate the
curvature perturbation at the end of inflation. The evolution of ζEM on super-Hubble scales is [2, 30, 42, 43]
ζ˙EM = −3(1 + wEM ) HI
2ǫρI
ρEM , (26)
where a dot denotes a derivative with respect to the cosmic time, wEM is the electromagnetic equation of state,
and ǫ is the slow-roll parameter [44–47]. Assuming HI and ǫ are constant during inflation, we obtain the curvature
perturbation induced by the electromagnetic fields
ζEM = −3(1 + wEM ) HI
2ǫρI
∫ te
ti
dtρEM (t), (27)
where ti is an initial time when ζEM = 0 and te is the time at the end of inflation.
In Sec. II B, it was concluded that Q1 = 0 cancels the contribution of the electric fields to the background energy
density. Now we estimate the contribution of the magnetic fields to the curvature perturbation. In the case of n = −3,
by substituting Eq. (14) into Eq. (17) we have ρEM = NQ2H
4
I /(2π
2χ2), where N is the number of e-folds of inflation.
The curvature perturbation induced by the magnetic fields is approximated by ζEM ∼ N2Q2H2I /(m2plǫχ2), which
leads to an amplitude of the power spectrum PEMζ ∼ N4Q22H4I /(m4plǫ2χ4). It is known that the power spectrum of
curvature perturbations generated by the inflaton is given by PIζ ∼ H2I /(m2plǫ). We show that the dominant component
of the power spectrum of curvature perturbations is generated by the inflaton, i.e., PIζ > PEMζ . For HI ∼ 10−6mpl
and N = 60, the amplitude of the power spectrum with ǫ ∼ 10−2 is consistent with Planck 2015 data [48, 49]. In
this case, we have PEMζ ∼ 10−13Q22/χ4, which is smaller than PIζ if Q2/χ2 . 102. Therefore, the contribution of the
electromagnetic fields to the curvature perturbation can safely be neglected if Q2/χ
2 . 102.
III. CONCLUSION
In this paper, we have considered a model of inflationary magnetogenesis based on the Turner-Widrow mechanism,
in which the conformal invariance of the electromagnetic fields is broken by the nonminimal couplings of the electro-
magnetic fields to gravity. A scale-invariant power spectrum of primordial magnetic fields can be generated during
inflation in the weak-coupling regime, which can seed the large-scale magnetic fields with observationally interesting
strengths on the Mpc scale. Since the relation between the energy density of the electromagnetic fields and their
power spectra depends on the coupling coefficients, with appropriate choices of the coefficients, i.e., Eq. (8), (24), and
(25), the strong coupling problem and curvature perturbation problem can be avoided in our model.
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